ASYMPTOTIC BEHAVIOR OF THE CONVOLUTION
OF A PAIR OF MEASURES()

BY
CHARLES ). STONE

1. Introduction. Let the time parameter set T be given either as the discrete set
T={0,1,2,...} or as the continuous set T=[0, cv). Consider random counting
measures N,, t € T, defined on the Borel sets of d-dimensional Euclidean space R“.
Here N/(A) denotes the “number of particles” in A at time t. Set N=N,, let
v, t € T, be the measures defined by v (4)=EN,(A), and set v=v,. The temporal
structure of N, is determined by letting the particles in R? at time zero be translated
independently according to stochastic processes isomorphic to a fixed stochastic
process Y,, t € T. Let u, denote the distribution of Y,. Then

v(4) = EN(A) = (v * p)(4)
and
E[N(A) | N] = (N * p,)(A).

Extending and correcting results of Dobrushin [1], the author in [2] studied the
asymptotic behavior as 1 — oo of (v * p,)(4) and (N * p,)(4).

Let dt, t € T, refer to counting measure and Lebesgue measure in the discrete and
continuous cases respectively. Let the random measure N* be defined by

N*=f Ngdt.
0

Then N*(A) denotes the total occupation time of 4 by all the particles. Let u denote
the measure defined by
po= f g dl.
0

Then EN*, the expected total occupation time measure, is given by EN*=v % pu,
and E[N* | N]is given by E[N* | N]=N * p.

In this paper we will present a general study of the asymptotic behavior of
(v * p)(x+ A) and (N * p)(x+ A) as x — oo appropriately. The intended application
is to the case in which p,,,=p * u,, i.6. when Y, is a random walk or a process
with independent increments. Then p is the multidimensional renewal measure.
This application will be presented in [3].

In §2 we give precise definitions and state our results. The proofs are given in §§3
and 4. Many of the arguments used here are refinements of those used in [2]. The
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framework discussed above was intended mainly for motivation, that of the rest
of the paper being somewhat more general.

2. Definitions and statements of results. Let X denote a d-dimensional closed
subgroup of R% With no loss of generality, we can assume that X is of the form

X = {x = (x,..., x% | x* are integers for d;, < k £ d}.

Set Z4={x | x* are integers for 1=k=d}. If d,=d, then X=R? and if d, =0, then
X=2Z4

Set A={xe X |0=x¥<1for 1£k=d}. Set U={xe Z?| x*=1 for some k and
x?=0 for j#k}. Then U consists of d “unit vectors.” For a>0 and x € X, set

aQx=(ax',...,ax%, x%* x9,

Let | | denote Haar measure on X defined as the product of Lebesgue measure
on the first d; coordinates of X and counting measure on the last d—d, coordinates.

Let & denote the collection of relatively compact Borel subsets of X. Let &/
denote the subcollection of # of sets 4 such that |04]|=0.

For x, y € R® set

x-y= x1y1.|_ A +xdyd‘

Then ““-” defines an inner product on R%. Given any vector v € R® of unit length,
by applying the Gram-Schmidt Orthogonalization process to v, (1,0,...,0),
©,1,0,...,0),...,(0,0,...,0, 1), we get an orthonormal basis v, =0, v,, .. ., v,
of R

From now on v will denote an arbitrary but fixed vector in R? of unit length.
Whenever it can be done unambiguously, we will suppress the dependence on v of
various quantities defined below.

Let

Z87 Y = {ngvs+ - - - +ngvg | Ny, . . ., Ny are integers}
and
Ip=Thy = X101+ X054+ - - +x0, |0 = x, <mfor2 <k =d}.

Let 7, denote the collection of sets
T = Ta1,a2 = Tv,ahaz = {XE R? I a; £ xv < ay},

where a, and a, denote finite real numbers.
All measures considered below will be positive measures on the Borel sets in R%.
Furthermore, it will always be assumed that these measures are supported by X.
For 0= A<oo, let A, , denote the collection of measures v supported by T for
some T € 7, (and also by X as remarked above) and such that

im v(ix+T,) _

2.1 1 T = A

m— o

uniformly for x € RC.
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For 0<«<oo, let 4, , denote the collection of measures u (supported by X)
such that
@.2) im  MTee) _

ay.0,-a, 0 A3 —0Ag
and for each 0<a<oo, ue U, and Te 7,

(2.3) lim > |wa O (r+u+A)—pla © (1+4)] =0.
P cv+T
Here “cv+ T is used as an abbreviation for “n e Z¢ N (cv+T).” Similar abbrevia-
tions will be used below without further comment.
Let ¥, consist of the subcollection of .#,, , of measures such that for 0 <a <o,
T € 7,, compact subset C of X, and 4 € & with |4|=1.

2.4 lim 2 sup |u@ O (n+x+A4))—p(@ O (n+A4A))| =0.

€= oy¥r X€C

When the expression “x-v— 00" is used below, it should be understood that
xe X.

THEOREM 1. Let v be in N, ,. Let p be in M, , (or in MY,). Then for A e
(or Ae %)
2.5 lim (v*p)(x+4) = M|4].

XV= O

As a first converse, suppose v is supported by some T € T, u(T) <o for all T € T,
and, for some 0<a< o and 0 <a< oo,
(2.6) lim (v*p)(x+a O A) =eala O Al

X+V— 00

Then there exist A>0 and x>0 such that Adx=qa, v € N, ,, and p satisfies (2.2).

As a second converse suppose 0<x<oo and, for all 0<a<oo, 0<A<o, and
v e N, that (2.6) holds with «=Ak. Then p € M, .

The apparent difference between (2.3) and (2.4) is minimized by the following
result which is useful in proving the first part of Theorem 1.

LemMMA 1. Let p € M, . Then for 0<a<oo, T € J,, and compact subset C of X
@.7) lim > sup |u(a O (n+x+A)—pu(a O (1+4))] = 0.

€= ® cy+T X€

In Theorems 2 and 3, N denotes a “random positive measure” on the Borel sets
in R? (supported by X as usual).

THEOREM 2. Let 0Sk<o0 and p€ M, (or Myy). Let 0SA<co and let N be
such that EN e A, , and
2.8) lim E %;_—I:i)—)\‘ —0

m-—» o

uniformly for x € R®. Then for A € s/ (or A € &)
(2.9 lim E|(N*p)(x+A4)—A|4|| = 0.
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Conversely, suppose 0 <k <00, 0<a<o, 0<A<o, u satisfies (2.2), EN € 4, ,,
and

(2.10) lim E|(N*p)(x+a O A)—da O Al | = 0.

Then (2.8) holds.
It follows from (2.9) that
@.11) im (N + )+ A) 2 Al
We next obtain analogous results when «=oco.
For T e 7,, we will say that T is sufficiently large if for some m= 1
(2.12) x+Tp)NZenT# gz, X € R4,

THEOREM 3. Let A be a Borel subset of X.
(i) Suppose that for sufficiently large T € F, and for all compact subsets C of X

(2.13) lim > inf u(n+x+y+4) = .
x-v—> 0 ‘57 yeC

Then for 0<A<co andve N,

(2.14) lim (v#*p)(x+4) = co.

(ii) In order that for all 0<A<oo andve N, )
(2.15) *p)(x+4) = oo, x € X,

it is necessary and sufficient that for sufficiently large T € J, and for all compact
subsets C of X

(2.16) > inf p(n+y+4) = oo.
T veC

THEOREM 4. Let N be such that for some A\, 0<A<oo, EN € A, , and (2.8) holds.
(i) If (2.13) holds for sufficiently large T € J, and for all compact subsets C of X,
then

@.17) lim (V' )+ 4) L .
(ii) If (2.16) holds for sufficiently large T € Z, and all compact subsets C of X,
then
(2.18) P{(N * p)(x+4) = oo for xe X} = 1.
3. Proof of Theorem 1. Set
Zi ={neZ|\m* OneAl.

We first prove Lemma 1, starting off with
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LEMMA 2. Let p denote a probability measure on X. Then for m=1 there is a
T, € 9, depending only on T and m such that

Z max p(m O n+k+A) < m~%u(cv+Ty)

G 1) v+ T kezl
+ > max [u(n+u+A)—pn+A)|.

uelU
cv+Ty

Proof of Lemma 2. For n e Z*¢ choose b, € Z¢ such that

wm O n+b,+A) = max u(m O n+k+A).

kezm

Then for k e Z&

wm ©Q n+b,+4A)— p.(m On+k+A)
< 2, max |u(m O n+z+ut8)—p(m O n+z+4)|

ez,,.
Consequently
D> WmOn+b,+4) < Z wm O n+k+4)
cv+T cv+T
+ Z Z max |w(m O n+z4+u+A)—p(m O n+z+A)|
cv+T zezg,

< D wm Ontk+d) + > max|untutA)—pn+ )
cv+T cv+Tg
for suitable T, e J, depending only on T and m. Choose T;2T, such that
m Qn+k+AcT, for necv+T and k € Z%. Then Lemma 2 follows by summing
over k € Z¢% and dividing by m¢.
Proof of Lemma 1. Without loss of generality we can assume that a=1 and
C=A. Then (2.7) becomes

(3.2 lim > Sup | +x+ )~ pn+A)| = 0.

€= cp¥r *EA

Observe that
lim sup Z max |u(n+m= Q k+A)—pu(n+ A)|

€= ® )T keZd

= lim sup Z max um 1 OmOn+k+m QO A))—pum=* O (m O n+m O A))|

€= ® ¥ T kezd

<limsup 5 % max lwm=2 O (m O n+k+u+m O A))

e cv+T kEZ"
—pm=t O (m O n+k+m QO b))
< lim sup Z max |u(m=* O (n+u+m QO A)—um= O (n+m Q A))|

€= ®  oy¥T, ueU

for a suitable T, € Z,. It now follows from (2.3) that
(3.3) lim > max |u(n+m=t O k+A)—p(n+A)| = 0.

€= ® oy ¥ T keZf
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By Lemma 2

max p(n+m=-! Qk+m=* QO A)

cv+T kezl

= Z max;z( O(mOn+k+A))

cv+T kezl

< mhyp(cv+Ty) + Z max

cv+T; U€

#(17: 0) (n+u+A))—p.(-ln-1 0] (”+A))|

for some T, depending on 7, but which, as is easily seen, can be chosen indepen-
dently of m. It now follows from (2.2) and (2.3) that for some constant 8;,0 < 8; <o,
depending on T

(3.4 lim sup Z max u(n+m=* Q k+m=* Q A) £ Bym~¢

C=® oy ¥T kezl

With no loss of generality, we can assume that d;=1. Let W denote the set of
24 points in Z¢ whose coordinates are all zero or one, the last d—d; of them all
being zero. Choose x € A. Choose k=(k?, .. ., k% € Z2 such that

m-kt £ x* < m~iki+ 1), 1igd.
Then
|p(r+x+A)—pr+m O k+4)|
< 24(m+1)4-t Z max p(n+w+m=r Q k+m=* ©Q A).

wew kezl

Thus by (2.4), there is a constant 8, 0 <8 <0, depending only on T and such that
3.5 11m L Sup Z sup mm |p(n+x+A) —pn+m=* Q k+A)| £ Bm~1.

co+T X€X
Choose £>0. Choose m such that
(3.6) Bm~! £ /2.
By (3.3), (3.5), and (3.6), there is a ¢, such that for c¢= ¢,
Z max |p(n+m=t Q k+A)—un+A4)| £

[
co+T kezd 2
and

2, supmin |u(n+x+28)—pn+m=! O k+4)| =

corT ¥€B kez
Therefore for ¢ ¢,

2. Sup |u(n+x+8)—p(n+B)| < e.

cv+T X€A

Since & can be made arbitrarily small, this completes the proof of (3.2) and hence
also of Lemma 1.
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Proof of first part of Theorem 1. With no loss of generality, we can assume that
A=«=1. Choose ve A, ; and pe A, ;. Let T, € 7, be such that v is supported
on T;.

In proving that (2.5) holds for 4 €.«Z, it suffices to consider the case 4A=A.
If u € A¥ 4, then to prove that (2.5) holds for 4 € 4, it suffices to consider 4 such
that |4|=1. In either case, by Lemma 1, it suffices to consider 4 € & such that
|A|=1 and (2.4) holds for a=1, T € J,, and C a compact subset of X. From now
on we let A be such a set.

Choose 0= e= 1. Choose m, >0 such that for m=m,

(3.7 l—e 2 m~%(x-T,) £ 1+, x € R,
Consider T € Z, of the form
T={xeR|0=Z xv=a
By (2.2) there exist a, >0 and ¢, >0 such that if a2 a, and ¢ ¢, then
3.8) (I1-&a £ w(cv+T) £ (1+¢)a.
Let b,(T) denote the minimum (over —oo <c<oo and x € R?) of the number of
points n € Z¢ such that
n+A < (co+T) N (x+Tp).
Let b,,(T) denote the maximum (over —oo<c<oo and x € R%) of the number of
points n € Z¢ such that
n+A)n (cv+T) N (x+T,) # 2.
Then clearly
bi(T) £ am®~* £ by(T).

There exist my=m, and a,2 a, such that if m=m, and a= a,, then

(3.9) (1—&)am?~1 £ by (T)
and
(3.10) (14+e)am?=t = by(T).

Assume now that a and m are fixed with a=a, and m=m,. By (2.4) there is a
¢3¢, such that whenever ¢= ¢, and the points n, € Z¢, z € Z¢~* are such that

3.11) (n.+D) N (cv+T) N (mz+T,) # @,
then

&
(3.12) >, Sup |u(y+A) = pln,+8)| S g

2ez8-1 V&2

where
Y.,= XN mz+1T,) N (cv-T,).
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Choose x € X such that x-v=c=c,. Then

G.13) (v *p+d) = f Wx—dpu(y+d) = > f Wx—dy)(y+ A).

XNn(ev—-Ty) zez,“,'l
Thus by (3.7), (3.12), and (3.13), whenever n, € Z¢ satisfies (3.11), then

(3.14)

*wWE+AH— > v(x—mz—I‘m)p,(nz+A)' S e(l+e)25 e

d-1
2eZ}

We can get b,,(T) different choices of the sequence n,, z € Z¢~1, such that all
the n.’s involved are distinct and, for each such n,,

n,+A < cv+T.
Summing (3.14) and using (3.7), we get that
(3.15) bu(T)(w * p)(x+A4) £ (14+e)m*u(cv+T)+ebn(T)
and hence by (3.8) and (3.9) that
(3.16) wxp)(x+4) £ (1+e)2/(1—e)+e.

Similarly we can get b, (T) different choices of the sequence n,, z € Z¢~1, such
that every n, satisfying

(n,+A) N (cv+T) # @

is included in at least one such sequence. Summing on (3.14) and using (3.7), we
get that

3.17) bM)W * p)(x+A) = (1 —e)m®~u(cv+T) —eby(T)
and hence by (3.8) and (3.10) that
(3.18) w*p)x+4) = (1—e)?/(1+e)—e.

Since & can be made arbitrarily small, (2.5) follows from (3.16) and (3.18).
Proof of first converse of Theorem 1. We can assume that a = « = 1. Let v be
supported by T, s, € 7y, let u(T') < oo for T € ,, and suppose that

(3.19) lim OxpE+A) = L.

It follows easily from (3.19) that if @ and b — a are sufficiently large, then u(T, ;) >0.
It also follows easily from (3.19) that

(3.20) v ’ij‘_ *{(1;': 2) Tan)

as x-v=0, m —> 00, a — o0, and b—a — 0.
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In order to prove the desired converse, we need only show that
for every 0= e< % there exist a, and d, such that if a=a, and b—a=d,, then

W+ Tw) _ (L+9)b—a)

(3.21) lim sup sup

d mso xepd ML T I"'(Ta.b)
an

s ne o x4 L (1=e)(b—a)
(3.22) liminf inf == 2 gy

Choose 0 <e=<3. It follows from (3.20) that there exist positive numbers m,, a,,
and d, such that

(3.23) 1

_f (v *p)x+Tw N T, ) i

8 m-a 7%
for x-v=0, m=m,, a2 a,, and b—a=d,. Choose a,=a;—a, and d,2d,+by—a,
such that by—a,<ed;/8 and u(T, ) >0, a=a, and b—a=d,.

We shall show that a; and d; are the numbers desired for (3.21) and (3.22).
Choose a and b such that a=a, and b—a=d,. There is an m, such that

P‘(Ta.b N le) = (1 _E/S)I‘(Ta,b)°

Suppose (3.21) does not hold for this choice of a and b. Then we can find m=m,

and x, € R¢ such that x,-v=0 and

v(xo—y+Ty) S (l+f) b—a
= 2

T WTy 7St

Consequently

(" * I")(xo+ Ipn T,+ a0,b+ bo) = f V(xo —-)y— rpn Ta+ao,b+bo)l"(dy)
> f W%o=3+Tn O Tar aoros o)
ab
= [ xo=y+Tu@y)
a,b

> f W0 —y+ To)p(dy)
Ta.bNnrmy

> (1 _I_f) b—a)u(T,,, N T

- 2 (T, a,b)

2 (1+¢/2)(1—¢/8)(1 —¢/8)ym*~*(b+ by —a—ao)

2 (1+¢/8)m*~(b+bo—a—ao),
which contradicts (3.23). Thus we have verified that (3.21) holds. Suppose (3.22)
does not hold. Then we can find x, € R® and m such that x,-v=0, m=m,,

Wxo=y+T) _ (1=ef2b=a)
w2 T,y o €T

Wxo—y+Tw) _ (143¢2)(b—a)
mi=t = u(Tey)

and

y€ R4,
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Then

(v * W)X+ ImN Ta+bo,b+ao) = J.V(xo"}”‘l' Fnn Ta+bo.b+ao)lv‘(dy)
< f W(xo—y-+ Toa(dy)
asd
A V7 a-14 € 3_6 _ d-1
< (1 2)(b ami=1 42 (1+ 2)(b am

< (1—2)(b—a)m“‘1 < (1—%)(b+ao—a-bo)md‘1,

which contradicts (3.23). This completes the proof of (3.22) and hence of the first
converse of Theorem 1.

Proof of second converse of Theorem 1. It follows easily from the first converse of
Theorem 1 and the assumptions of the second converse that p satisfies (2.2). We
can assume that «=1. By assumption we have that if 0<a<oo, ve A, , and v is
supported by a © Z¢, then (1.6) holds. We need to show that, forue Uand T € 7,

2.3) lim > |u(@ O (n+u+A)—pa@ O (n+4)| = 0.

€O cy+T

With no loss of generality, we can assume that a=1. Then » is supported by Z¢
and (2.3) becomes

(3.249) lim > |u(n+u+Ad)—p@n+Ad)| = 0.

€D cy+T

The general case now reduces to the lattice case d; =0 and X=Z¢.
Assume now that d, =0 and X=Z¢. For n € Z* set v(n)=v({n}) and p(n) =pu({n}).
We have that

(3.25) lim S = 1.

ab-a~ b—a asn-vsb
We also have that whenever v € 4, ;, then
(3.26) Jim > —nmpulk+n) = 1.
We want to prove that forue Uand Te 7,

(3.27) lim > |u(n+p)—pm)| = 0.

€D cy+T

It follows from (3.26) that
(3.28) klim wk) =0
and that

(3.29) Jim > W—n)(uk+u+n)—plk+n) = 0.
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In order to prove that (2.36) holds, we will suppose that for some u, € U and
To=Tsp, €Ty

(3.30) limsup > |u(n+uo)—pu(n)| > 8« > 0,

€20 cv+Ty

but (3.25) and (3.28) hold. We will then find a v € A4, ; such that (3.29) does not
hold.

If we modify T, by making it bigger, then (3.30) still remains valid. Thus we can
assume that T is large enough so that there exists m, such that for m=m, and
x € R? the number of points in Z¢ N (x+ T, N I',) is bounded above by

2m?~Y(bo—ay),
or in other words

(3.31) > 1 £ 2me-Y(by—ay).

Z4n(x+TyNT'y,)
Also by (3.25) we can find T, =T,, ,, € Z, such that T, 2T, and, for some c,,
(3.32) [L(CU‘I‘TI) é 2(b1—'a1), 4 é Cl.

An elementary argument shows that 7; can be made large enough so that there
exists m, = m, such that for m=m,, xe R%, ue U, and —o0<8<0, if
l'l'(n+u)_l‘l’(n)§/3’ nex"l'TlnFma
then

(3.33) p(x+T1 N Tp) 2 2071 (=B)(bo—ag)m*~ (b, —a,).

Set C={c | —oo<c<oo}. Let C; denote the subset of ¢ € C such that

> lun+ug)—p(n)| 2 8a.

cv+To

Set
P={neZ| wn+up)—pn) > 0}.

Let C, denote the subset of C; on which

(3.34) > (untug) = p(m) z 4o

Pn(cv+Top)

With no loss of generality we can assume that C, is unbounded from above.

Choose m=m;,. For ce C and ze Z¢~1, let n(c) be in cv+mz+T,, N T, and
such that u(n,(c)+uy)—p(n,(c)) maximizes u(n+uy)—p(n) over all necvo+mz
+I', NT,. Let

[ev] = ([ev’], ..., [ev?]),

where [cv*] denotes the greatest integer in cv*. Set S,={n.(c) | z€ Z¢~*} and let v,
be the measure supported on [cv]— S, and defined by

(3.35) ve({lev] —ny()}) = m*~*.
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Then v, € #,,;. Set ve(n)=v,({n}). For ce C

(3.36) > ve(—n)(ln-+ [cv]+uo) — pln+[coD) = m*=* > (uln-+uo) — p(n)).

neSe

For n=n,(c) e P N S, we have by (3.31) that

=2+ g) — () 2 2—(1,‘— S (ulntue)— ).

= 0) (oo 4 maiTHNTOINP

Thus by (3.34) for ce C,

20
—Q

(3.37) met S (ulntuo) =) 2 3

PAS,

For n=n/c)e(Z¢—P)N S, (i.e. in S, and the complement of P), we have by
(3.33) that

a1 ep(co+mz+T, N Ty)
) k) 2 = a B —a

Therefore

- ou(cv+T,) o
(3.38) m®™ z (uln+uo) — () 2 _2(bo—ao)(b11—a1) 2 " bo—a,

(24 - P)NS;

by (3.32). By (3.36), (3.37), and (3.38), we have that for c € C,

(339 2, ve(—m) -+ [cv] +ug) — pln+ [ev]) 2

by—a,

It is also clear that there is a set T, € 7, such that v, is supported by T, for ¢ € C,.
For ne Z¢ set

1] = (@4 -+ (no)

We next define an increasing sequence of points ¢;, ¢3, ... in Cy. Choose ¢; € C,
and set a,=0. Once a;_, and ¢; are chosen, choose a;=a;_, +i such that

(G40)  mit S |u(ntlee]l+u)—plntleod| S gy

=T3n{in|&a;}
Once ¢; and a; are chosen, choose ¢;, ; € C, such that ¢;,;=¢;+1 and

(3.41) me-? Z |w(@+ [c14 10] 4 o) — p(n+[cr4 10])| < gmg———

~Tan(ml <ap —a0)
This is possible by (3.28). Clearly
(3.42) lim ¢, = oo.

{—
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Define v by v({n})=v.({n}), a;—1=|n| <a;, and set v(n)=v({n}). Then ve S,
and for i=1,

> W(=n)(uln+ [cp]+ o) — p(n+ [co])
= z ve(—n)((n+ [cp] +uo) — p(n+ [civ])
—2m*t S |unt [ew]+uo) — p(n+ [ew))]

=Tan{inl <ay}

—2md-1 Z |e(n+ [e;p] +uo) — u(n+ [cv])|

=Tgn{|nl2ay}
2 (¢/(bo—ag))(1 —%—12) 2 «/2(bo—ao)
by (3.39), (3.40), and (3.41).
In summary, v € A4, ;, ¢; — o, and

(3.43) 5 A=+ e +) o) 2 55

This contradicts (3.29) and completes the proof of the theorem.

4. Proof of Theorems 2 and 3. Proof of first part of Theorem 2. It suffices to
consider k=A=1 and 4 € # such that |4|=1 and for T € Z, and compact subset
Cof X

4.1 lim > sup |u(n+y+A4)—pn+A)| = 0.

c=® 1T VEC

Set v=EN. Choose 0<e=1 and recall the definitions used in the first part of
Theorem 1, starting with (3.7). By (2.8) we can also assume that

4.2 E|N(x-T,)—v(x—T,)| < em?~!,  xeR4

Now (3.4) can be replaced by

4.3) El (N *p)(x+A)— > Nx—mz—T)u(n,+A) l Se
2e2d-1

It follows from (4.2) and (4.3) that
E’ (N xp)x+A)— > v(x—mz—Tp)u(n,+4) |

zezg~1
4.4)
< etemi-? Z p(n,+ A).
2e28-1

Let S; denote the sum of
> vx—mz—Tp)un,+4)

d-1
2€Z}

over by(T) different choices of the sequence n,, z e Z¢~?, satisfying (3.11) and
such that every n, satisfying

n,+A)N(cv+T) # @
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is included in at least one such sequence. Let S, denote the sum of

Z wn.+4)

2ez8-1

over the same choice of sequences. It follows from (2.2) and (4.1) that, by changing
slightly the construction used in the proof of the first part of Theorem 1, we can
assume that

4.5) (1—e)a = S; = (1+e)a.

Summing (4.4) on the b, (T) different sequences and using (4.5), we get that
E|bn(T)(N * p)(x+ A)—S;| £ ebp(T)+e(1+e)mt~a.

Division by b,(T) yields

4.6) E|(N * p)(x+ A)—S1/bp(T)| £ 3e.
By (3.7) and (4.5)

(1—e)2am®~* = §; £ (1 +&)2am®~1,
Consequently
4.7 (1=2e2/(1+¢e) = S:1/bn(T) = (1492

Since ¢ can be made arbitrarily small, (4.6) and (4.7) yield the conclusion of the
first part of Theorem 2.

Proof of first converse of Theorem 2. With no loss of generality, we can assume
that k=A=a=1. Then (2.9) becomes

(4.8) lim E|(N *p)(x+A)—1] = 0.

It follows easily from this that

E (N* F’)(x+l—‘m N Ta,b)_l
m*= (b —a)

4.9

—0

as x-v=0, m — 00, a — 00, and b—a — c0.
Let v be supported by T,,.»,- As in the proof of the first converse of Theorem 1,
we get that

@.10) f NG —y—T)u(dy) € (N * @)+ T O Ty ar00)
a,b
and
(4-1 1) (N * I")(x'l' 1-‘m N Ta+ bo,b+ ao) = r N(x—y+ Fm).u(dy)'
a,b

For —co<x<o let x*=x and x~=0 or x*=0 and x~ =Xx according as x=0
or x<O0. In order to obtain (2.8) we need only prove that

(4.12) lim E[(NGe+Tp)fm?=*=1)*] = 0
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and
4.13) lim E[(N(x+T,)/m¢-1-1)"]1=0,
m—
both limits holding uniformly for x € R¢.

We first prove (4.12), supposing it is false and obtaining a contradiction. If it is
false, we can choose 0<e<1, m, my, ms, a, b, and x, € R® such that

4.149) N(xo—y+Tn) = N(xo+Tp), yely,,
(4.15) E[(1—&)N(xo+Tp)/mi=t=1)*] 2 ¢,
(4.16) #(Tap N Tag) 2 (1-)(b—a),

and

@.17) E[((N* ")(x,‘;;_rl'fbrlz’”°"’”°)— 1)+] <e

By (4.10), (4.14), and (4.16)

V¥ 00+ T O Teragornd 2 [ Nomy+ Touldy)

To.b,ﬁf’mg

2 (1= )N(xo+ )b —0).
Thus by (4.15)

E[((N*[L)(x’on"li‘-rl‘,zbflga+ao.b+bo)_1)+] > E[(%Eﬁ_l)q >,

which contradicts (4.17). This completes the proof of (4.12).
We next prove (4.13), again supposing it is false and obtaining a contradiction.
If it is false we can choose 0<e< 1, m, m,, m,, a, b, and x, € R* such that

(4.18) Nxo—y+Ty) £ Nxo+Tr), yeTln,
4.19) E[(%#fr"")— 1)-] > 2e,
(4.20) wTop) = (1+e)(b—a),

4.21) wTop) = p(Too N Tny) S e(b—a))2,
4.22) EN(x+Tp) < 2m%, xeRY,

and

4.23)

E[((N * #)(x:n':_flygbflgwo.wao)_ 1)'] <e
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By (4.11), (4.18), and (4.20)
(N % w)(x0+Tm O Tatvg4a0) S (14+€)N(xo+T'n )(b—a)

# [ Neo—y+Tu@)
Ta_bhl"g‘a

and hence
((N* WX+ Ty 0 Ta+bo,b+ao)_ 1)' > ((1+€)N(xo+1"m1)_ 1)‘
mé-Y(b—a) = mé-1t

1
M G=a) Jr,pors,

Thus by (4.19), (4.21), and (4.22), we get that

E [((N * I")(x0+ Pm N Ta+ bo,b+ ao)
me~(b—a)

N(xo—y—Ln)u(dy).

—1)-] > 2e—e = ¢,

which contradicts (4.23). This completes the proof of Theorem 2.
Proof of Theorem 3(i). Let T € 7 be sufficiently large and let m>1 be such that
(2.12) holds. Then there is a compact subset C of X such that

n+C2(mz+T,)NTnN X, zeZ¢ r*andne(mz+T,)NTNZ4

Let 0<A<oo and v € A, ,. We can assume that m is such that
v(—=(mz+T,)) = ame~1)2, zeZ2"1,

and T is such that v is supported by —T. Let A be a Borel subset of X. Then for
xeX

Grierd) = 3 [ o—ddutetyra)

zez8-1
Am¢-?
2628~

Suppose (2.13) holds for this 4. Then

> inf  p(x+y+4A).

1 Yye(mz+Ip)NTnX

lim > > infu(n+x+y+4) = co.

XVI® ezd-1 (mz+Tp)nT VEC
Consequently

lim z max inf p(n+x+y+4) = ©

XV 0 zezg‘l (mz+Ip)NT yeC

and hence

lim z inf Xp,(x+y+A)=oo.

XV © zez‘," 1 YE(Mz+T'p)NTN

Therefore (2.14) holds for this 4.
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If A satisfies (2.16) then it follows by almost the same argument that (2.15) holds.

Next we consider the results in the converse direction. Let 4 be a Borel subset of
X. Suppose there is a sufficiently large T € 7, and a compact subset C of X such
that

Zinf,u.(n+y+A) < 0.
T Vel
Then
inf u(n+y+4) < .

2628~1 (mz+Tm)NT yeC

Thus there exist n, € (mz+1I',) N TN Z% and y, € C such that
> unt+y,+4) < .
zezd-1
Let v be defined by
WB) = D 1(—n.—.).

2€28-1

Then v € A4, , for some 0<A<oo and

(v * p)4) = Z wln,+y,+A) < .

d -
2e28-1

This completes the proof of Theorem 3.
Proof of Theorem 4(i). As in the proof of Theorem 3(i), it follows from the
assumptions that

lim > inf  px+y+d4) = oo

. - NTN
X V= 0 zezﬁ 1 ¥e(M2+T'p)NT

Let a(x), z€ Z%~* and x € X, be such that

0= a(x) = inf wx+y+A),

ye(mz+Iy)NnTNX

> afx) < o,
zez8-1
and

We can assume that N is supported by 7. Then

(N * p)(x+4)

j N(=dy)u(x+y+A4)

zezd-1

> a(x)N(—(mz+Ty)).

d-1
2eZ3

v

Choose ¢>0. By (2.8) we can find M >0 and m=1 such that
E[(N(—(mz+Tp))—M)"] £ &M,
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where r~=—rif r<0and r~=0if r=0. It follows that
E[( > @XN(—(mz+T)-M > az(x))'] SeM D afx).
zezg"1 zez8~1 2ez8-1

Thus for 0<y<oo

- oM 2zezg-1 a(x)
P{zeg‘laZ(X)N( (rztTu)) = 77 2 M Zzezg'l a(x)—y

Consequently

lim P[ 3 a(x)N(—(mz+T,) < y} =0

*V® | zezd-1
and hence

P
lim Z a(X)N(—(mz+T,)) = oo.
XV ezd-1

Therefore

P
lim (N % w)(x+4) = co.
XV=+ ®©

Proof of Theorem 4(ii). The proof of (i) is similar to that of (i), but we give the
details since it is (ii) which is needed in Stone [3].
Let C be a compact subset of X. It follows from the assumptions of (ii) that

inf inf p(x+y+A4) = oo.
zezg'l veEXN(m2+I'p)NTNX xeC
Set
a, = inf inf p(x+y+ A).
veXN(mx +p)NTNX yeC
Then

Nxpw(x+4)2 > aN(—(mz+T,), xeC.

zezd-1
Choose af, z € Z¢~! and n= 1, such that

0saP<a, D a’<om,
zezd-1
and
lim a® = 0.
o ze%‘l :
Choose >0 and let M >0 and m21 be as in the proof of (i). Then, as in (i), we
observe that

(n)
p Z aZN(_(mZ'l‘ Pm)) =< y < eM Zzezg—l ad
2e22-1 M Zzezg‘l a(zn)_y

P[> aN(-(mz+T,) s y} <e

d =
2e28-1

and hence
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Since ¢ can be made arbitrarily small and y can be made arbitrarily large, it follows
that
P{ > a,N(—(mz+T,) = oo} =1

2ez8-1
and therefore that
P{(N # p)(x+A4) = o for xe C} = 1.
Since X is o-compact, we have (2.17) as desired.
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